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ACTIONS OF GALOIS GROUPS ON INVARIANTS OF NUMBER
FIELDS
A. KONTOGEORGIS
Abstract. In this paper we investigate the connection between relations among
various invariants of number fields LH coresponding to subgroups H acting on
L and of linear relations among norm idempotents.
1. Introduction
Let C be an algebraic curve defined over an algebraically closed field of arbitrary
characteristic and let G ⊂ Aut(C) be a subgroup of the automorphism group G,
acting on C. For a subgroup H of G, let CH be the quotient group and let gH and
γH be the the genus and the p-rank of the Jacobian of C
H . In the group algebra
k[G] the norm idempotents εH are defined by
εH =
1
|H |
∑
h∈H
h.
E. Kani and M. Rosen [3],[4], studied the action of automorphisms on the Jacobian
variety of the curve, and they proved that every linear relation among the norm
idempotents coming form subgroups H of G implies the same relations for gH , γH .
This is a generalization of results proved by R. Accola [1].
They also have proved that this linear relation imply the same relations for the
zeta functions of the corresponding fields LH where L is the function field of an
algebraic curve or a number field [4, prop. 1.2], i.e.,
(1)
∑
rHεH = 0⇒
∏
ζH(s)
rH = 1.
The rings of integers of number fields have a theory similar to that of non singular
algebraic curves, in the sense that the ring of integers are Dedekind so they give rise
to one-dimensional affine schemes, that can be completed with the aid of infinite
primes. For number fields there is a notion of genus, and the analoga for Jacobian
varieties and Tate modules can be defined.
It is known that a lot of information concerning a number field, can be found in
the corresponding zeta function. Let LH be the number field corresponding to the
subgroup H , of the Galois group G. Using the characterization of the residues of
the zeta functions for number fields at s = 1, Kani and Rosen arrived at a formula,
involving the class number hLH , the regulator Reg(L
H), and the number wH of
roots of unity in LH : ∏
(hLHReg(L
H))rH =
∏
wrHH ,
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where H runs over the subgroups of G. The last equality was also proved by R.
Brauer [2] in 1950.
In this paper we study the dependence of several group invariants of the subfields
LH , corresponding to the Galois subgroupsH , in terms of the linear relations among
norm idempotents defined by the subgroup H .
In order to do so we give a generalization of the notion of Tate modules for
the “Jacobian” of a Number Field, and we consider the action of the Galois group
on it. In our study, problems arise that are similr to those stemming from wild
ramification of the action of a group on a curve defined over a field of positive
characteristic.
Consider a number field L. Fix a subfield K such that the extension L/K is
Galois with Galois group G. For every subgroup H of G we define, as usual, the
fixed field LH . The following functions from the set of subgroupsG to Z are defined:
(1) Let rH , 2sH be the number of real and imaginary embedings of L
H to Q¯.
We set
λH = rH + sH − 1.
(2) Consider the class group Cl(LH). It is a finite Abelian group, hence it can
be written as
Cl(LH) =
⊕
p|Cl(LH)
A(H, p),
where A(H, p) is the p-part of the abelian group Cl(LH) and A(H, p) in
turn can be expressed as a finite direct sum of abelian groups A(H, p, n)
that are sums of λH,p,n summands of cyclic groups of order p
n, i.e.,
A(H, p) =
∞⊕
n=1
A(H, p, n),
A(H, p, n) =
λH,p,n⊕
µ=1
Z/pnZ.
Notice that in the above formulas λH,p,n = 0 for all but finite integers n,
and that A(H, p, n) are free Z/pnZ-modules of rank λH,p,n.
(3) Consider the group µ(LH) of units of finite order in the field LH . It is a
cyclic group and can be written as
µ(LH) =
⊕
p||µ(LH)|
Z/pν(H,p)Z
We will show that the above functions λH , λH,p,n, behave like the p-ranks of the
Jacobians of algebraic curves. Namely, we prove that every linear relation among
norm idempotents of the subgroup implies the same relations for the λ functions:
Theorem 1.1. Let L/K be a Galois extension with Galois group G of order n.
Every relation ∑
rHεH = 0
2
among norm idempotents implies relations∑
rHλH = 0∑
rHλH,p,n = 0∑
rHν(H, p) = 0 for every p ∤ n.
On a number field L we can define the notion of the Arakelov genus gL, so
it is interesting to ask whether a relation among norm idempotents implies the
same relation among Arakelov genera. The answer is yes provided we have “tame
ramification” in the group of units that are contained in L, i.e.,
Proposition 1.2. Let L/K be a Galois extension with Galois group G. Let wL
be the order of the group of units contained in L. Consider the set S of subgroups
H < G, such that (|H |, wL) = 1. Every linear relation
∑
H∈S rHεH = 0 among
norm idempotents corresponding to subgroups H ∈ S, implies the same relation
among the Arakelov genera gLH , of the fixed fields L
H . In particular, if the order
of the Galois group is prime to wL, then
∑
rHεH = 0 implies
∑
rHgLH = 0.
In [6] G. Van der Geer and R. Schoof introduced the notion of effectivity of
an Arakelov divisor, a notion that is close to the definition of the effectivity of a
divisor on an algebraic curve. This notion gives rise to a new notion of H0(D), for
Arakelov divisors D and introduces naturally a new invariant ηL for the number
field L:
ηL :=
( ∑
x∈OL
e−pi||x||
2
L,0
)
,
where || · ||L,0 is the metric on the Minkowski space of the number field L defined
by
||x||2L,0 =
∑
|σ(x)|2.
Given a relation
∑
nHǫH = 0, we will prove a formula for the η-invariants cor-
responding to subfields LH of L. In order to do so we have to change the model
at the infinite primes by considering a different metric || · ||L,A on the Minkowski
vector space. This metric is defined in (7). We introduce the invariants
ηA(L) :=
( ∑
x∈OL
e−pi||x||
2
L,A
)
,
for every divisor A supported at infinite primes. We will prove the following:
Proposition 1.3. Let
∑
nHǫH = 0 be a linear relation among norm idempotents.
If P(LH ,R) (resp. P(LH ,C)) denotes the real (resp. complex) infinite primes and
B(H) = −
log(|H |)
2π
∑
σ∈P(LH ,R)
σ −
log(|H |/2)
π
∑
σ∈P(LH ,C)
σ.
is a divisor supported on infinite primes of the field LH , then the following formula
holds
0 =
∑
H
λHηB(H)(L
H).
Aknowledgement: The author wishes to thank professor G. Van der Geer for
his remarks and commends.
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2. Notations
Let K be a number field with ring of algebraic integers OK . We will follow the
notation of the book of J. Neukirch [5].
An Arakelov divisor of K, is a formal sum
D =
∑
p
νpp,
where p runs over the finite and infinite primes of K, and νp ∈ Z if p is a finite
prime and νp ∈ R if p is an infinite prime. We will denote by
Div(O¯K) ∼= Div(OK)×⊕p|∞Rp
the set of Arakelov divisors on K. There is a canonical homomorphism
div : K∗ → Div(O¯K)
sending f ∈ K∗ to
∑
p up(f)p, where vp(f) is the normalized p-adic valuation of
f if p is a finite prime, and vp(f) = − log |τ(f)|, where τ ∈ HomQ(K, O¯K) is the
monomorphism corresponding to the infinite prime p. The Arakelov class group
CH1(O¯K) is defined as
CH1(O¯K) =
Div(O¯K)
div(K∗)
and it is equipped with the quotient topology. Since
∏
p |fp| = 1 we can define on
CH1(O¯K) a continuous function
deg : CH1(O¯K)→ R
sending D =
∑
νpp to
∑
p νp log(N(P )), where N(P ) denotes the norm of P . The
kernel of the degree map is a compact group denoted by CH1(O¯K)
0 =: JK . It can
be proved [5, Satz 1.11] that JK is given by the short exact sequence:
1→ H/Γ→ JK
φ
→ Cl(K)→ 1,
where H/Γ is homeomorphic to a torus of dimension r + s − 1 and Cl(K) is the
ordinary class group of the number field K.
Following the theory of Jacobian varieties on a curve we set
JK,pn := {Elements in JK of order p
n.}
where p is a prime number of Z. For the p-part of JK we have the following short
exact sequence:
1→ (Z/pnZ)
r+s−1
→ JK,pn → Cl(K)pn → 1,
where Cl(K)pn ∼= ⊕
λK,n
i=1 Z/p
nZ is the subgroup killed by multiplication by pn.
Using the classification theorem of finite Abelian groups we can write
JK,pn ∼=
r+s−1+λK,n⊕
i=1
Z/pnZ.
The groups JK,pn form an inverse system and we can define the inverse limit forming
the Tate module of JK at p. Namely we set
Tp(JK) = lim
←
JK,pn .
The Tate module is a free Zp-submodule of rank s+ r − 1. Since the order of the
ordinary class group Cl(K) is finite λK,n = 0, for large n, and this implies that the
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information of the p-part of the class group is lost after taking the inverse limit.
We will study the p-part Cl(K)p of the class group separately.
The action of G on the primes of L induces a representation
ρ : G→ End(JL),
and since endomorphisms of JL preserve the orders of the elements in the class
group we can define representations:
ρp : G→ End(JL,p).
Every ρp gives rise to a representation
ρˆp : Qp[G]→ End
0(Tp(JL)) := End(Tp(JL))⊗Z Qp
and to a representation
ρ˜p : Z(p)[G]→ End(Cl(L)p)⊗Z Z(p),
where Z(p) denotes the localization of the integer ring with respect to the prime
ideal p. We define the Qp vector space Vp(JL) := Tp(JL)⊗ZpQp, so End
0(Tp(JL)) ∼=
End(Vp). Since there is p-torsion on the Z-module Cl(L)p we cannot tensor by a
field, without trivializing. The closest structure to vector space we can obtain
without trivializing, is by tensoring with the localization Z(p). So we define the
Z(p)-module Vp(Cl(L)) by Vp(Cl(L)) := Cl(L)p ⊗Z Z(p). The p-part of the class
group can be factored, by the classification theorem of Abelian groups, as follows:
Cl(L)p =
∞⊕
ν=1
λ{1},p,ν⊕
µ=1
Z/pνZ,
and
Vp(Cl(L)) =
∞⊕
ν=1
λ{1},p,ν⊕
µ=1
Z(p)/p
νZ(p).
Since endomorphisms that came from Z(p)[G] preserve the order of the group, the
representation ρ˜p can be factored as a sum of matrix representations:
ρ˜p,ν : Z(p)[G]→Mλ{1},p,ν
(
Z(p)/p
νZ(p)
)
,
whereMr(R), denotes the r×r matrices with coefficients from the ring R. We define
the trace of ρ˜p to be the sequence tr(ρ˜p) := (tr(ρ˜p,ν))ν . Obviously, tr(ρ˜p,ν) = 0 for
all but finite ν.
3. Field extensions
Let K,L be two number fields and let
τ : K → L
be a homomorphism. For an Arakelov divisor D =
∑
P νPP of L we define:
τ∗(D) :=
∑
p

∑
P |p
νP fP/p

 p ∈ Div(O¯K),
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where fP/p denotes the inertia degree of P over τK and P | p means that τp =
P |τK . Conversely for an Arakelov divisor D =
∑
p νpp of K we define
τ∗(D) =
∑
p
∑
P |p
νpeP/pP ∈ Div(O¯L),
where eP/p denotes the ramification index of P over τK. The maps τ∗, τ
∗ induce
maps
τ∗ : CH
1(O¯L)→ CH
1(O¯K)
and
τ∗ : CH1(O¯K)→ CH
1(O¯L)
such that τ∗ ◦ τ
∗ = [L : K] and deg(τ∗D) = deg(D), deg(τ
∗D) = [L : K] deg(D) [5,
p. 204]. By the above formulas for the degree, we have that there are well defined
homomorphisms
(2) τ∗ : JL → JK ,
and
(3) τ∗ : JK → JL.
Definition 3.1. Let Z(p) denote the localization of the ring of integers with respect
to a prime ideal. We will denote by R either a field of characteristic zero or Z(p).
Lemma 3.2. Let V,W be two finitely generated R-modules. Suppose that there are
two R-module homomorphisms fV,W : V →W , fW,V :W → V , such that
fV,W ◦ fW,V = n IdW
and with (n, p) = 1 if R = Z(p). Then there is a map:
φ : End(W)→ End(V),
such that tr(a) = tr(φ(a)). In particular, if a = IdW , then φ(a) ∈ End(V), has
trace equal to rank(W )
Proof. For every a ∈ End(W) we define φ(a) ∈ End(V) by
φ(a) :=
1
n
fW,V ◦ a ◦ fV,W .
Since n is an invertible element in R the map fV,W is onto. We consider the
following short exact sequence of R-modules:
0 // ker fV,W // V
fV,W
// W
1
n
fW,V
bb
// 0
By construction, φ(a) is zero on ker fV,W , and tr(a) = tr(φ(a)). In particular, for
a = IdW we have that tr(IdW ) = rank(W ), hence tr(φ(a)) = rank(W ) 
Lemma 3.3. For a given group G, let S be the following set of subgroups of G:
S :=
{
all subgroups of G if R is a field
H < G, p ∤ |H | if R is Z(p)
Let V be a free R-module. To every H ∈ S we attach a free R-module V (H) and
two R-module homomorphisms fH : V (H)→ V and fH : V → V (H), such that
fH ◦ f
H = |H | · IdV (H)
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and
fH ◦ fH =
∑
h∈H
h.
Moreover, there is a map φ : End(V (H)) → End(V ), such that φ(IdV (H)) = ǫH
and
tr(ǫH) = rankRV (H).
Under the above assumptions, if
∑
H∈S nHεH = 0 then
∑
H∈S nHrankRV(H) = 0.
Proof. We apply lemma (3.2) for W = V (H), fW,V = f
H and fV,W = fH . The
map φ(IdV (H)) =
1
|H|f
H ◦ IdV (H) ◦ fH = εH , so tr(εH) = rankR(V (H)). 
Remark: In the above lemma it was necessary to restrict ourselves to subgroups
of order not divisible by p. The problems that appear for groups divisible by p,
are of similar nature with the problems that appear in wild ramified extensions of
rings. Indeed, in the case of wild ramification of an extension of rings S/R with
Galois group G, the ring S is not R[G]-projective.
Proposition 3.4. Let τ : K →֒ L be an inclusion of number fields such that L/K
is Galois with Galois group H. There is a map φ : End0(Tp(JK))→ End
0(Tp(JL))
such that
• ρˆp(εH) = φ(IdTp(JK))
• For any α ∈ End0(Tp(JK)) we have
tr(φ(α) | Vp(JL) = tr(α | Vp(JK)))
Proof. The homomorphisms defined in (2),(3) can be extended linearly to maps
V (τ∗),V (τ
∗) from Vp(JK) to Vp(JL). The first assertion is a direct application of
lemma 3.3 if we set V (H) = V (Tp(JK))), V = V (Tp(JL)), fH = V (τ∗), f
H =
V (τ∗). The second assertion is an application of 3.2. 
Proposition 3.5. Let τ : K →֒ L be an inclusion of number fields such that L/K
is Galois with Galois group H, of order n. For every prime p, p ∤ n there is a map
φ2 : End
0(ClK,p)→ End
0(ClL,p) such that
• ρ˜p(εH) = φ2(IdClK,p)
• For every α ∈ End0(ClK,p) we have
tr(τ∗(α) | Vp(ClL)) = tr(α | Vp(ClK))
Proof. As before, the homomorphisms defined in (2),(3) can be extended Z(p)-
linearly to maps V (τ∗),V (τ∗) from Vp,ν(ClK) to Vp,ν(ClL), where
Vp(ClK) =
∞⊕
ν=1
Vp,ν(ClK),
and Vp,ν(ClK) := ⊕
λH,p,ν
µ=1
Z(p)
pνZ(p)
. The desired result is a direct consequence of lemma
3.3 if we set V (H) = Vp(ClK), V = Vp(ClL), fH = V (τ∗), f
H = V (τ∗). 
Proposition 3.6. For every Galois extension L/LH, with Galois group H, we have
tr(ρˆp(εH)) = λH .
For all p that do not divide the order of H we have
tr(ρ˜p(εH)) = λH,p,ν .
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Proof. This result is clear for H = {Id}. By the above two propositions it is also
clear for the general H ,since
tr(ρˆp(εH)) = tr(φ
(
IdTp(JK)
)
= λH
and
tr(ρ˜p(εH)) = tr
(
φ2(IdVp(ClK)
)
= λH,p,ν .

We will now study the action of the Galois group on the group µ(L), µ(LH) of
units contained in the fields L,LH respectively.
Proposition 3.7. Let L/LG be a Galois extension with Galois group G. Let wL
be the order of the group µ(L) of units of finite order. For a fixed prime p | wL
we define the set Sp of subgroups H of G with the property H ∈ Sp if and only if
p ∤ |H |. Let ν(H, p) be the valuation at p of the order wLH of the unit group of L
H .
Every linear relation of the form
∑
H∈Sp
nHεH = 0, among norm idempotents of
groups H ∈ Sp, implies the same relation
∑
nHν(H, p) = 0.
Proof. Consider the norm
NL/LH : µ(L)→ µ(L
H),
and the inclusion function iLH ,L : µ(L
H)→ µ(L). We have
NL/LH ◦ iLH ,L = |H | · Idµ(LH)
and
iLH ,L ◦NL/LH =
∑
h∈H
h.
The unit group µ(L) is a cyclic group of order m, and µ(LH) is a subgroup of the
cyclic group µ(L). The group µ(L) can be considered as a direct sum
µ(L) =
r⊕
i=1
Z
p
ν({1},pi)
i
=
r⊕
i=1
µi(L),
where pi are the different prime divisors of m. Each direct summand µi(L), gives
rise to a Z(pi)-module µi(L)⊗ZZ(pi). We can have a similar decomposition of µ(L
H)
as a direct sum of Z(pi)-modules:
µ(LH) =
r⊕
i=1
Z
p
ν(H,pi)
i
=
r⊕
i=1
µi(L
H),
The NL/LH and iL,LH group homomorphism give rise to Z(pi)-module homomor-
phisms from µi(L)⊗ZZ(pi) to µi(L
H)⊗ZZ(pi). The desired result follows by lemma
3.3. 
4. Analytic methods
In this section we give an analytic proof of proposition 1.2. Consider the zeta
function of an algebraic number field L,
ζL(s) :=
∑
A∈IL
1
N(A)s
, Re(s) > 1,
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where A runs over the integral ideals IL of the ring of integers of L. It is known
that ζL(s) admits a meromorphic extension in C \ {1} with only one pole at s = 1.
Moreover the residue at s = 1 can be computed [5, Satz VII 5.11]
Ress=1ζL(s) = lim
s→1+
(s− 1)ζL(s) =
2r(2π)sReg(L)
|µ(L)|
√
|DL|
hL.
The Arakelov genus gL of the number field L is defined by
gL = log
|µ(L)|
√
|DL|
2r(2π)s
,
therefore
Ress=1ζL(s) = e
−gLReg(L)hL.
Let
∑
nHεH be a norm idempotent relation. The product formula (1) implies that
lim
s→1+
∑
nH log((s− 1)ζLH (s)) =
∑
nH lim
s→1+
log(s− 1).
The left hand side is finite (the regulator of every number field is not zero), therefore∑
nH = 0 and moreover∑
nH
(
−gLH + log(Reg(L
H)hLH )
)
= 0⇒
(4)
∑
nHgLH =
∑
nh log(Reg(L
H)hLH ).
Remark: The relation
∑
nH = 0 can also be proved by applying the character of
the trivial representation on the sum
∑
nHεH .
On the other hand using the analytic continuation of the ζL(s) we can prove
that
lim
s→0
ζL(s)/s
r+s−1 = −
hLReg(L
H)
|µ(L)|
,
therefore
(5)
∑
nH log(hLHReg(L
H)) =
∑
nH log |µ(L
H)|.
Combining (4),(5), we arrive at
(6)
∑
nHgLH =
∑
nH log(µ(L
H)).
For every H , such that (|H |, |µ(L)|) = 1, we write |µ(H)| =
∏r
i=1 p
νH,pi
i . Therefore
the right hand side of (6) is written
∑
H
nH log(|µ(L
H)|) =
∑
H
nH log(
r∏
i=1
p
νH,pi
i ) =
r∑
i=1
log(pi)
∑
H
nHνH,pi = 0
by proposition 3.7 and the proof of proposition 1.2 is now complete.
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5. The η invariant
In order to apply the proof given in previous sections we would like to realize
the function ∑
x∈OL
e−pi||x||
2
L
as the trace of a suitable linear operator.
If L is a number field we will denote by rL the number of real embedings and
by sL the number of complex nonequivalent embeddings. The Minkowski space is
defined by
M(L) = RrL × CsL .
We will define the set of real infinite primes of L by P(L,R) and by P(L,C) the set
of complex infinite primes. The field L can be embedded on the Minkowski space
by the map
iL : L→M(L),
x 7→ (σ1(x), . . . , σrL , σrL+1, . . . , σrL+sL).
Every divisor
D =
∑
σ∈P(L,R)
aσσ +
∑
σ∈P(L,C)
aσσ,
supported on the set of infinite primes gives rise to the metric
(7) ||x||2L,D =
∑
σ∈P(L,R)
|xσ|
2e−2aσ +
∑
σ∈P(L,C)
|xσ|
22e−aσ ,
where x = (xσ) is an element of the Minkowski space M(L).
Let L/K be a Galois extension of number fields with Galois group Gal(L/K) =
H . An infinite complex prime σ of K is extended to |H | infinite primes of L.
Moreover,
(8) σ =
|H|∑
i=1
σi
On the other hand an infinite real prime τ ofK gives rise to a(τ) real infinite primes
{σ1, . . . , σa} of L and b(τ) pairs {σa(τ)+1, . . . , σa(τ)+b(τ), σa(τ)+1, . . . , σa(τ)+b(τ)}
complex infinite primes of L, where a(τ) + 2b(τ) = |H |. So the real infinite prime
σ is decomposed in L as follows:
(9) σ =
a(τ)∑
i=1
σi +
b(τ)∑
j=1
σ2a(τ)+j .
Lemma 5.1. Let L/K be a Galois extension of number fields, with Galois group
H. Consider the set P(L,∞) (resp. P(K,∞)) of infinite primes of L (resp. K)
and let rL, sL (resp. rK ,sK) denote the number of real and complex embedings of
K (resp. L). Let D be a divisor supported at the infinite primes of L, such that D
is H-invariant i.e.,
D =
∑
σ∈P(L,∞)
aσσ =
∑
τ∈P(K,∞)
aτ
∑
σ|τ
σ.
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Let us denote by DH the divisor
DH =
∑
τ∈P(K,∞)
aτ τ.
If || · ||L,D is the metric on the Minkowski space R
rL × CsL introduced by D and
|| · ||K,DH is the metric on the Minkowski space R
rK × CsK introduced by DH ,
then for every x ∈ K ⊂ L considered as an element on the spaces RrL × CsL and
RrK × CsK we have:
(10) ||iL(x)||
2
L,D = |H | · ||iK(x)||
2
K,DH .
Proof. Let x ∈ K ⊂ L. We compute:
||iK(x)||
2
K,DH =
∑
τ∈P(K,R)
|τ(x)|2e−2aτ +
∑
τ∈P(K,C)
|τ(x)|22e−aτ .
If τ ∈ P(K,R) then the contribution to the norm of the infinite primes aτ
∑
σ|τ σ
above τ is according to (9):
|τ(x)|2
(
a(τ)e−2aτ + b(τ)2e−2aτ
)
= |τ(x)|2|H |e−2aτ .
On the other hand if τ is a complex prime, then the contribution to the norm of
the infinite primes above τ is according to (8)
|τ(x)|2|H |2e−aτ .
The desired result follows by adding all the contributions of primes of L above each
infinite prime τ of K. 
To every number field L we attach the Hilbert space VL consisting of functions
f : OL → R, such that
∑
y∈OL
|f(y)|2 <∞.
Let H be a group acting on the number field L. The space VL is acted on by H
as follows:
fh(x) = f(hx), for h ∈ H.
Let VLH be the Hilbert space of functions f : OLH → R such that
∑
y∈O
LH
|f(y)|2 <
∞.
The norm idempotent ǫH induces a map ǫ
∗
H : VLH → VL, sending the function
f : OLH → R to the function f ◦ ǫH : OL → R. Moreover we will consider
the restriction map rest : VOL → VOLH sending a function f : OL → R, to the
restriction on OLH .
Since the vector spaces we treat are of infinite dimension we can not use the
trace of the identity map. Instead, we consider the diagonal linear operator
TD : VOL → VOL ,
sending a function
OL ∋ x 7→ f(x) to OL ∋ x 7→ TDf(x) = e
−pi||x||2L,Df(x).
Let δx(·) denote the basis functions
δx(y) =
{
1 if x = y
0 if x 6= y
We observe that the trace of the linear operator T ◦ ǫ is given by
(11) tr(T ◦ ǫH) =
∑
x∈OL
〈T ◦ ǫ∗H(δx), δx〉 =
∑
x∈O
LH
e−pi||x||
2
L,D .
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Indeed, if x ∈ OL is an element of OLH then ǫH(x) = x, and if x ∈ OL\OLH then
ǫH(x) 6= x since ǫH(x) ∈ OLH . We compute
〈ǫ∗H(δx), δx〉 =
{
1 if x ∈ OLH
0 if x ∈ OL\OLH
,
and the formula (11) follows. Suppose now that D is an H-invariant divisor. Then
equation (10) together with (11) gives that
(12) tr(T ◦ ǫH) =
∑
x∈O
LH
e
−pi||x||2
K,DH
|H|
.
Proposition 5.2. Given a number field K and a divisor A supported on infinite
primes, define the numbers
ηA(K) =
∑
x∈OK
e−pi||x||
2
K,A.
If
∑
H λHǫH is a linear relation among norm idempotents, and D is an H-invariant
divisor supported on infinite primes of L then the following relation holds
0 =
∑
H
λHηD+B(H)(L
H),
where
B(H) = −
log(|H |)
2π
∑
σ∈P(LH ,R)
σ −
log(|H |/2)
π
∑
σ∈P(LH ,C)
σ.
In particular if D = 0 then
0 =
∑
H
λHηB(H)(L
H)
Proof. The desired result follows by linearity of the trace map composed by T , the
relation
∑
H λHǫH and equation (12). 
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